Abstract. Let M be an n-dimensional closed orientable submanifold in an N -dimensional space form. When 1 < p ≤ n 2 + 1, we obtain an upper bound for the first nonzero eigenvalue of the p-Laplacian in terms of the mean curvature of M and the curvature of the space form. This generalizes the Reilly inequality for the Laplacian [9, 15] to the p-Laplacian and extends the work of [8] for the p-Laplacian.
Introduction
Let M be an n-dimensional compact Riemannian manifold. The p-Laplacian (p > 1) is a second order quasilinear elliptic operator on M defined by ∆ p u = div(|∇u| p−2 u). where ν is the outward normal on ∂M .
So far, many estimates for the first eigenvalue of Laplacian have been generalized to ∆ p . For instance, Matei [12] extended Cheng's first Dirichlet eigenvalue comparison of balls [6] to the p-Laplacian. For closed Riemannian manifolds with Ricci curvature bounded below by (n − 1)K, a sharp lower bound for the first nontrivial eigenvalue of p-Laplacian was obtained by Matei [12] for K > 0, Valtora [17] for K = 0 and Naber-Valtora [14] for general real number K respectively, see also [1, 2] . Recently, Seto-Wei [16] gave various estimates of the first eigenvalue of the p-Laplacian on closed Riemannian manifolds with integral curvature condition. Now we consider a Riemannian manifold M without boundary. The first nonzero eigenvalue of ∆ p , denoted by λ 1,p , has a Rayleigh type variational characterization (cf. [18] ):
When M is a submanifold immersed in M N c , where M N c is the N -dimensional simply connected space form of constant sectional curvature c and represents the Euclidean space R N , the unit sphere S N (1) and the hyperbolic space H N (−1) for c = 0, 1 and −1 respectively, there is a well-known estimate for the first nonzero eigenvalue of Laplacian. Theorem 1.1 (cf. [9, 15] ). Let M be an n-dimensional closed orientable submanifold in an N -dimensional space form M N c . Then the first non-zero eigenvalue λ ∆ 1 of Laplacian satisfies 
In this paper, we generalize the Reilly inequality (1.4) to the case of p-Laplacian for all c. Our main theorem is the following.
Then the first non-zero eigenvalue λ 1,p of the p-Laplacian satisfies
Moreover, the equality holds if and only if p = 2 and M is minimally immersed in a geodesic sphere of radius r c of M N c with r 0 = n λ ∆ 1 1/2 , r 1 = arcsin r 0 and r −1 = arcsinh r 0 .
Remark 1.4. When p = 2 our estimate recovers (1.4). When 1 < p ≤ 2, we have
Then by Hölder inequality, we have
Hence, the upper bound in (1.7) is better than (1.6) for c = 1.
is weaker than (1.5) and (1.6) for c = 0 and c = 1. But (1.8) is a new estimate for c = −1. Remark 1.5. Matei [13] gave an upper bound for λ 1,p in terms of conformal volume when
This paper is organized as follows. In Section 2, we recall structure equations for a submanifold M in M N c . We also show how some geometric quantities change when the metric on M N c changes under the conformal transformation. In Section 3, we prove Theorem 1.3. To estimate the upper bound of λ 1,p , as the method in [8] does not work for c = −1, we find suitable test functions by conformal transformation to a unit sphere.
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Preliminaries and notations
In this section, we recall some well-known facts on geometry of submanifolds and conformal geometry by using the moving frame method. We use the following convention on the ranges of indices except special declaration:
2.1. Structure equations for submanifolds. Let x be the immersion from M n to an N -dimensional Riemannian manifold (M ,ḡ). Then M has an induced metric g M = x * ḡ .
We denote the Levi-Civita connections on M andM by ∇ and∇ respectively. Choose an orthonormal frame {e A } N A=1 onM such that {e i } n i=1 are tangent to M and {e α } N α=n+1
are normal to M . Let {ω A } N A=1 be the dual coframe of {e A } N A=1 . Then the structure equations ofM are (cf. [7] ):
where {ω AB } are the connection forms onM , andR ABCD are components of the curvature tensor ofM .
Denote x * ω A = θ A , x * ω AB = θ AB , then restricted to M , we have (cf. [7] )
where R ijkl are components of the curvature tensor of M , and h α ij are components of the second fundamental form of M inM .
We takeM = M N c , thenR ABCD = c(δ AC δ BD − δ AD δ BC ). Pulling back (2.1) by x and using (2.2) and (2.3), we obtain the Gauss equations 
Conformal relations.
In this subsection, we focus on how curvature and the second fundamental form change under the conformal transformation. Although these relations are well-known (cf. [3, 4] ), we give a brief proof for readers' convenience, by using the moving frame method. Now assume thatM is equipped with a new metricg = e 2ρḡ which is conformal tō g, where ρ ∈ C ∞ (M ). Then {ẽ A = e −ρ e A } is an orthonormal frame of (M ,g), and {ω A = e ρ ω A } is the dual coframe of {ẽ A }. The structure equations of (M ,g) are given by
where {ω AB } are the connection forms on (M ,g). Denotingg M = x * g , x * ω A =θ A , x * ω AB = θ AB , then restricted to (M,g M ), we havẽ
whereR ijkl are components of the curvature tensor of (M,g M ) andh α ij are components of the second fundamental form of (M,g M ) in (M ,g).
From (2.1) and (2.6), we can solvẽ
where ρ A is the covariant derivative of ρ with respect to e A , i.e. dρ = A ρ A e A .
We derive from (2.3), (2.9) and (2.8)
By pulling back (2.9) to M by x and using (2.2) and (2.7), we havẽ
from this, it is easy to show the well-known relation
3. Proof of Theorem 1.3
In this section, we prove our main result, Theorem 1.3. At first, we recall some lemmas from [13] to our setting. For convenience of the reader, we also give the proof here as we need the proof to analyse the equality case.
Lemma 3.1 (cf. Lemma 2.6 in [13] ). Let x : M → M N c be the immersion from an ndimensional closed orientable submanifold to an N -dimensional space form M N c . Then for p > 1, there exists a regular conformal map Γ :
Proof. The main idea of Lemma 3.1 is inspired by the case p = 2 (cf. [10, 11] ).
First observe that there is the standard conformal map Π c from M N c to S N (1). Here Π c is identity when c = 1, and Π c can be given by the stereographic projection when c = 0 or c = −1.
For any a ∈ S N (1), consider the flow γ a t generated by the vector field V a (x) = a− x, a x on S N (1). In fact, γ a t = π −1 a (e t π a (x)), x ∈ S N (1), where π a is the stereographic projection of pole a. It is easy to see that γ a 0 is identity map on S N (1), and γ a t (x) → a for any x ∈ S N (1) as t → +∞.
We claim there is a γ a t such that Γ = γ a t • Π c satisfies the required property (3.1). If not, we can define a map F (t, a) : [0, +∞) × S N (1) → S N (1) as follows:
Now F (0, ·) maps any a ∈ S N (1) to a fixed point in S N (1). And
, which is bijective. So deg F (0, ·) = 0 and deg F (+∞, ·) is odd. But F (·, ·) gives a homotopy between F (0, ·) and F (+∞, ·), which is a contradiction. So we complete the proof.
⊓ ⊔
Using the test function constructed in the above lemma, we can get an upper bound for λ 1,p in terms of the conformal function, compare Lemma 2.7 in [13] . Lemma 3.2. Let M be an n(≥ 2)-dimensional closed orientable submanifold in an Ndimensional space form M N c . Denote by h c the standard metric on M N c and assume Γ * h 1 = e 2ρ h c , where Γ is the conformal map in Lemma 3.1. Then we have, for all p > 1,
Proof. By Lemma 3.1, we can choose Φ A as the test function, so
Then by using (3.4), (3.5), (3.6) and the Hölder inequality, we have
This is (3.3).
When p ≥ 2, the Hölder inequality gives .
Note that we can compute e 2ρ using the conformal relations and Gauss equations as follows. We takeM = M N c ,g = h c ,g = Γ * h 1 in Subsection 2.2. From (2.5), the Gauss equations for the immersion x and the immersion Φ = Γ • x are respectively: R =n(n − 1)c + n(n − 1)H 2 + (nH 2 − S), (3.10)
R =n(n − 1) + n(n − 1)H 2 + (nH 2 −S). (3.11)
When equality holds in (1.8), suppose p > 2, then (3.8) and (3.9) must become the equalities, which means
and there exists some A such that |∇Φ A | = 0. So Φ A is constant and then λ 1,p = 0, which is a contradiction. ⊓ ⊔
